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BIHARMONIC HOMOMORPHISMS BETWEEN
RIEMANNIAN LIE GROUPS
Mohamed Boucetta∗ and Seddik Ouakkas
Abstract
A Lie group G endowed with a left invariant Riemannian metric g is called
Riemannian Lie group. Harmonic and biharmonic maps between Riemannian man-
ifolds is an important area of investigation. In this paper, we study different aspects
of harmonic and biharmonic homomorphisms between Riemannian Lie groups. We
show that this class of biharmonic maps can be used at the first level to build ex-
amples but, as we will see through this paper, its study will lead to some interesting
mathematical problems in the theory of Riemannian Lie groups.
1 Introduction
Let φ : (M, g) −→ (N, h) be a smooth map between two Riemannian manifolds with
m = dimM and n = dimN . We denote by ∇M and ∇N the Levi-Civita connexions
associated respectively to g and h and by T φN the vector bundle over M pull-back of TN
by φ. It is an Euclidean vector bundle and the tangent map of φ is a bundle homomorphism
dφ : TM −→ T φN . Moreover, T φN carries a connexion ∇φ pull-back of ∇N by φ and
there is a connexion on the vector bundle End(TM, T φN) given by
(∇XA)(Y ) = ∇
φ
XA(Y )− A
(
∇MX Y
)
, X, Y ∈ Γ(TM), A ∈ Γ
(
End(TM, T φN)
)
.
The map φ is called harmonic if it is a critical point of the energy E(φ) = 1
2
∫
M
|dφ|2νg.
The corresponding Euler-Lagrange equation for the energy is given by the vanishing of
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the tension field
τ(φ) = trg∇dφ =
m∑
i=1
(∇Eidφ)(Ei),
where (Ei)
m
i=1 is a local frame of orthonormal vector fields. Note that τ(φ) ∈ Γ(T
φN).
The map φ is called biharmonic if it is a critical point of the bienergy of φ defined by
E2(φ) =
1
2
∫
M
|τ(φ)|2νg. The corresponding Euler-Lagrange equation for the bienergy is
given by the vanishing of the bitension field
τ2(φ) = −trg(∇
φ)2. , .τ(φ)− trgR
N(τ(φ), dφ( . ))dφ( . )
= −
m∑
i=1
(
(∇φ)2Ei,Eiτ(φ) +R
N(τ(φ), dφ(Ei))dφ(Ei)
)
,
where (Ei)
m
i=1 is a local frame of orthonormal vector fields, (∇
φ)2X,Y = ∇
φ
X∇
φ
Y − ∇
φ
∇M
X
Y
and RN is the curvature of ∇N given by
RN (X, Y ) = ∇NX∇
N
Y −∇
N
Y ∇
N
X −∇
N
[X,Y ].
The theory of biharmonic maps is old and rich and has gained a growing interest in the
last decade see [3, 17] and others. The theory of biharmonic maps into Lie groups, sym-
metric spaces or homogeneous spaces has been extensively studied related to integrable
systems (see for instance [6, 18, 19]). In particular, harmonic maps of Riemann surfaces
into compact Lie groups equipped with a bi-invariant Riemannian metric are called prin-
cipal chiral models and intensively studied as toy models of gauge theory in mathematical
physics [20]. Curiously, there is no detailed study of harmonic or biharmonic homomor-
phisms between Riemannian Lie groups. To our knowledge, the only works on this topic
are [15, 12] where the authors studied harmonic inner automorphisms of a compact semi-
simple Lie group endowed with a left invariant Riemannian metric. In this paper, we
investigate biharmonic homomorphisms between Riemannian Lie groups. At first sight,
this class can be mainly used to build examples but, as we will see through this paper,
its study gives rise to some interesting mathematical problems in the theory of Rieman-
nian Lie groups. Moreover, this class can be enlarged non trivially without extra work as
follows. Let φ : G −→ H be a biharmonic homomorphism between two Riemannian Lie
groups, Γ1 and Γ2 are two discrete subgroups of G and H , respectively, with φ(Γ1) ⊂ Γ2.
Then Γ1/G and Γ2/H carry two Riemannian metrics and pi ◦ φ : G −→ Γ2/H factor to a
smooth map φ˜ : Γ1/G −→ Γ2/H which is biharmonic (harmonic if φ is harmonic).
The paper is organized as follows. In Section 2, we characterize at the level of Lie algebras
A biharmonic homomorphism between Riemannian Lie groups is a homomorphism of Lie groups
φ : G −→ H which is also biharmonic where G and H are endowed with left invariant Riemannian
metrics.
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harmonic and biharmonic homomorphisms between Riemannian Lie groups and we give
some of their general properties. We obtain some results which even they are immedi-
ate are interesting (see Propositions 2.5, 2.10, 2.11 and Example 2.6). In Section 3, we
study harmonic automorphisms of a Riemannian Lie group. We show that on a compact
Riemannian Lie group there is a finite number of harmonic inner automorphisms, up to
inner isometries (see Theorem 3.2). We show also that a left invariant Riemannian metric
on a Lie group satisfies the property that any inner automorphism is harmonic iff it is
bi-invariant (see Theorem 3.3). These two results have been obtained by Park in [15] in
the particular case of SU(2). On the other hand, we introduce the notion of the harmonic
cone associated to a left invariant Riemannian metric and we show that it is a Riemannian
invariant of the metric in some sense. We compute the dimension of this cone when the Lie
group is unimodular (see Proposition 3.10). In Sections 4, we give an useful description
of submersions between Riemannian Lie groups and their tension fields (see Propositions
4.1 and 4.4). Based on this, we prove in Section 5 two important results on biharmonic
Riemannian submersions between Riemannian Lie groups (see Theorems 5.3 and 5.5). In
Section 6, we give many situations where harmonicity and biharmonicity of a homomor-
phism between two Riemannian Lie groups are equivalent. Some situations are particular
cases of known results but many are new and specific to our context (see Theorems 6.1
and 6.5). In Section 7, based on the results of Sections 4-5, we give some general methods
to build large classes of harmonic or biharmonic homomorphisms between Riemannian
Lie groups. In Section 8, we clarify completely the situation in dimension 2.
Notations and conventions. Trough this paper all considered Lie groups are sup-
posed to be connected. A Lie group G endowed with a left invariant Riemannian metric
g is called Riemannian Lie group. Its Lie algebra g = TeG endowed with the scalar
product g(e) is called Euclidean Lie algebra. For any u ∈ g, we denote by adu : g −→ g
the linear map given by aduv = [u, v]. The group G is unimodular iff, for any u ∈ g,
tr(adu) = 0. A Riemannian metric g on G is bi-invariant if it is left an right invariant.
This is equivalent to adu is skew-symmetric with respect g(e) for any u ∈ g. For any
a ∈ G, La and Ra denote, respectively, the left multiplication and the right multiplication
by a and ia = La ◦ Ra−1 is the inner automorphism associated to a. We denote by Ada
the differential of ia at e. Through this paper maps between Lie groups are homomor-
phisms. In particular, a submersion (resp. Riemannian submersion) between Riemannian
Lie groups is an homomorphism of Lie groups which is a submersion (resp. Riemannian
submersion).
Finally, if F : (V, 〈 , 〉1) −→ (W, 〈 , 〉2) is a linear map between two Euclidean vec-
tor space, we denote by F ∗ : W −→ V the adjoint given by the relation 〈F (w), v〉1 =
〈w, F (v)〉2.
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2 Biharmonic homomorphisms between Riemannian
Lie groups: general properties and first examples
For an homomorphism between two Riemannian Lie group the tension field and the
bitension field are left invariant and the harmonicity and the biharmonicity are equivalent
to the vanishing of two vectors in the Lie algebra of the target group. We express these two
vectors in two different ways and we deduce some immediate properties. We investigate
the cases holomorphic homomorphisms between Ka¨hlerian Lie groups and Riemannian
immersions.
2.1 Tension field and bitension field for homomorphisms be-
tween Riemannian Lie groups
Let (G, g) be a Riemannian Lie group. If g = TeG is its Lie algebra and 〈 , 〉g = g(e)
then there exists a unique bilinear map A : g × g −→ g called the Levi-Civita product
associated to (g, 〈 , 〉g) given by the formula:
(1) 2〈Auv, w〉g = 〈[u, v]
g, w〉g + 〈[w, u]
g, v〉g + 〈[w, v]
g, u〉g.
A is entirely determined by the following properties:
1. for any u, v ∈ g, Auv −Avu = [u, v]
g,
2. for any u, v, w ∈ g, 〈Auv, w〉g + 〈v, Auw〉g = 0.
If we denote by uℓ the left invariant vector field on G associated to u ∈ g then the Levi-
Civita connection associated to (G, g) satisfies ∇uℓv
ℓ = (Auv)
ℓ. The couple (g, 〈 , 〉g)
defines a vector say Ug ∈ g by
〈Ug, v〉g = tr(adv), for any v ∈ g.
One can deduce easily from (1) that, for any orthonormal basis (ei)
n
i=1 of g,
(2) Ug =
n∑
i=1
Aeiei.
Note that g is unimodular iff Ug = 0. We denote by Inisom(g) the subgroup ofG consisting
of a ∈ G such that the inner automorphism ia is an isometry. We have
Inisom(g) = {a ∈ G,Ad∗a ◦ Ada = idg} .
Thus Inisom(g) is a closed subgroup containing the center Z(G).We denote by Kill(g) its
Lie algebra given by
Kill(g) = {u ∈ g, adu + ad
∗
u = 0}.
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Remark that Kill(g) can be identified with the Lie algebra of left invariant Killing vector
fields of g and if G is nilpotent then Inisom(g) = Z(G).
Let φ : (G, g) −→ (H, h) be a Lie groups homomorphism between two Riemannian
Lie groups. The differential ξ : g −→ h of φ at e is a Lie algebra homomorphism. Define
U ξ ∈ h by
(3) U ξ =
n∑
i=1
Bξ(ei)ξ(ei),
where (ei)
n
i=1 is an orthonormal basis of g and B is the Levi-Civita product associated to
(h, 〈 , 〉h). There is a left action of G on Γ(T
φH) given by
(a.X)(b) = Tφ(ab)Lφ(a−1)X(ab), a, b ∈ G,X ∈ Γ(T
φH).
A section X of T φH is called left invariant if, for any a ∈ G, a.X = X . For any left
invariant section X of T φH , we have for any a ∈ G, X(a) = (X(e))ℓ(φ(a)). Thus the space
of left invariant sections is isomorphic to the Lie algebra h. Since φ is a homomorphism
of Lie groups and g and h are left invariant, one can see easily that τ(φ) and τ2(φ) are left
invariant and hence φ is harmonic (resp. biharmonic) iff τ(φ)(e) = 0 (resp. τ2(φ)(e) = 0).
So we get the following proposition.
Proposition 2.1. Let φ : G −→ H be an homomorphism between two Riemannian
Lie groups. Then φ is harmonic (resp. biharmonic) iff
τ(ξ) : = τ(φ)(e) = U ξ − ξ(Ug) = 0,
τ2(ξ) : = τ2(φ)(e) = −
n∑
i=1
(
Bξ(ei)Bξ(ei)τ(ξ) +K
H(τ(ξ), ξ(ei))ξ(ei)
)
+Bξ(Ug)τ(ξ) = 0,
where ξ : g −→ h is the differential of φ at e, B is the Levi-Civita product associated to
(h, 〈 , 〉h) and K
H is the curvature of B given by KH(u, v) = [Bu, Bv]− B[u,v].
Remark 2.2. 1. It is obvious from the definition of τ(ξ) that if ξ preserves the
Levi-Civita products then φ is harmonic.
The following proposition follows easily from the definition of τ(ξ). It is a particular
case of Proposition 2.5.
Proposition 2.3. Let φ : (G, g) −→ (H, h) be an homomorphism between two Rie-
mannian Lie groups where H is abelian. Then φ is biharmonic and it is harmonic when g
is unimodular. In particular, any character χ : G −→ R is biharmonic and it is harmonic
when g is unimodular.
We give now another expression of τ(ξ) and τ2(ξ) which will be useful later.
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Proposition 2.4. With the notations above, we have for any u ∈ h,
〈U ξ, u〉h = tr(ξ
∗ ◦ adu ◦ ξ),
〈τ2(ξ), u〉h = tr(ξ
∗ ◦ (adu + ad
∗
u) ◦ adτ(ξ) ◦ ξ)− 〈[u, τ(ξ)]
h, τ(ξ)〉h − 〈[τ(ξ), U
ξ]h, u〉h.
In particular, U ξ ∈ (Kill(h))⊥.
Proof. Let (ei)
n
i=1 be an orthonormal basis of g. For any u ∈ h, we have
〈U ξ, u〉h =
n∑
i=1
〈Bξ(ei)ξ(ei), u〉h
(1)
=
n∑
i=1
〈[u, ξ(ei)]
h, ξ(ei)〉h
=
n∑
i=1
〈ξ∗ ◦ adu ◦ ξ(ei), ei〉g = tr(ξ
∗ ◦ adu ◦ ξ),
which gives the first relation. From this relation, one can deduce that if ad∗u = −adu then
〈U ξ, u〉h = 0 and hence U
ξ ∈ (Kill(h))⊥. Now put
Q = −
n∑
i=1
(
〈Bξ(ei)Bξ(ei)τ(ξ), u〉h + 〈K
h(τ(ξ), ξ(ei))ξ(ei), u〉h
)
+ 〈Bξ(Ug)τ(ξ), u〉h.
We have
n∑
i=1
〈Kh(τ(ξ), ξ(ei))ξ(ei), u〉h =
n∑
i=1
(
〈Bτ(ξ)Bξ(ei)ξ(ei), u〉h − 〈Bξ(ei)Bτ(ξ)ξ(ei), u〉h − 〈B[τ(ξ),ξ(ei)]hξ(ei), u〉h
)
= 〈Bτ(ξ)U
ξ, u〉h −
n∑
i=1
(
〈Bξ(ei)Bτ(ξ)ξ(ei), u〉h + 〈B[τ(ξ),ξ(ei)]hξ(ei), u〉h
)
.
So
Q = −〈Bτ(ξ)U
ξ, u〉h + 〈Bξ(Ug)τ(ξ), u〉h −
n∑
i=1
(
〈Bξ(ei)[ξ(ei), τ(ξ)]
h, u〉h − 〈B[τ(ξ),ξ(ei)]hξ(ei), u〉h
)
= −〈Bτ(ξ)U
ξ, u〉h + 〈BUξ−τ(ξ)τ(ξ), u〉h −
n∑
i=1
(
〈[ξ(ei), [ξ(ei), τ(ξ)]
h]h, u〉h − 2〈B[τ(ξ),ξ(ei)]hξ(ei), u〉h
)
(1)
= −〈[u, τ(ξ)]h, τ(ξ)〉h − 〈[τ(ξ), U
ξ]h, u〉h
−
n∑
i=1
(
〈[ξ(ei), [ξ(ei), τ(ξ)]
h]h, u〉h − 〈[[τ(ξ), ξ(ei)]
h, ξ(ei)]
h, u〉h
−〈[u, ξ(ei)]
h, [τ(ξ), ξ(ei)]
h〉h − 〈[u, [τ(ξ), ξ(ei)]
h]h, ξ(ei)〉h
)
= −〈[u, τ(ξ)]h, τ(ξ)〉h − 〈[τ(ξ), U
ξ]h, u〉h +
n∑
i=1
(
〈[u, ξ(ei)]
h, [τ(ξ), ξ(ei)]
h〉h + 〈[u, [τ(ξ), ξ(ei)]
h]h, ξ(ei)〉h
)
= tr(ξ∗ ◦ (adu + ad
∗
u) ◦ adτ(ξ) ◦ ξ)− 〈[u, τ(ξ)]
h, τ(ξ)〉h − 〈[τ(ξ), U
ξ]h, u〉h.
So we get the second relation.
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As an immediate consequence of this proposition we get the following result.
Proposition 2.5. Let φ : G −→ H be an homomorphism between two Riemannian
Lie groups. Then:
(i) If the metric on G is bi-invariant and φ is a submersion then φ is harmonic.
(ii) If the metric on H is bi-invariant then φ is biharmonic, it is harmonic when g is
unimodular.
Proof. (i) Since ξ is an homomorphism of Lie algebras, for any u ∈ g, ξ ◦ adu =
adξ(u) ◦ ξ and hence
〈U ξ, ξ(u)〉h = tr(ξ
∗ ◦ adξ(u) ◦ ξ) = tr(ξ
∗ ◦ ξ ◦ adu) = 0,
since adu is skew-symmetric and ξ
∗ ◦ ξ is symmetric. Thus U ξ = 0. Now we have
also Ug = 0 and hence τ(ξ) = 0.
(ii) If the metric on H is bi-invariant then Kill(h) = h and hence, according to Proposi-
tion 2.4, U ξ = 0. By using the expression of τ2(ξ) given in Proposition 2.4, one can
see easily that τ2(ξ) = 0.
Example 2.6. There are some interesting situations where we can apply Proposition
2.5.
1. Let H be a compact connected semisimple Lie group and pi : G −→ H a covering
homomorphism of H by a Lie group G. Then G is compact and hence unimodular.
Then, for any left invariant Riemannian g on G and any bi-invariant Riemannian
metric h0 on H , pi : (G, g) −→ (H, h0) is harmonic. Moreover, for any left invariant
Riemannian metric h on H and any bi-invariant Riemannian metric g0 on G, pi :
(G, g0) −→ (H, h) is harmonic.
2. Let G be a compact Lie group and ρ : G −→ GL(V,R) a finite representation of
G. Then there exists a definite positive product 〈 , 〉 on V which is G-invariant,
thus ρ : G −→ SO(V, 〈 , 〉). Now SO(V, 〈 , 〉) carries a bi-invariant Riemannian
metric k and hence for any left invariant Riemannian metric g on G, ρ : (G, g) −→
(SO(V, 〈 , 〉), k) is harmonic.
3. Let (G, g) be a compact Lie group endowed with a bi-invariant Riemannian metric.
For any closed normal subgroup N of G, pi : (G, g) −→ (G/N, h) is harmonic where
h is any left invariant Riemannian metric on G/N .
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4. Let G and H two Lie groups where H is compact and α : H −→ Aut(G) an
homomorphism. Consider the semi-direct product G ×α H . If h is a bi-invariant
Riemannian metric on H and g any left invariant metric on G ×α H then (G ×α
H, g) −→ (H, h) is biharmonic.
Remark 2.7. Actually, one can define harmonicity and biharmonicity of homomor-
phisms φ : G −→ H where G is a Riemannian Lie group and H is an affine Lie group, i.e.,
a Lie group with a left invariant connection. In this case, in the expressions of τ(ξ) and
τ2(ξ) given in Proposition 2.1, B is the product associated to the left invariant connection
on H . The fact is that, by taking the bi-invariant connection ∇ on H called neutral and
given by ∇XY =
1
2
[X, Y ] for any left invariant vector fields X, Y , on can see easily that φ
is biharmonic and it is harmonic if G is unimodular. This generalizes (ii) of Proposition
2.5. One can see [8] where harmonicity of maps into affine Lie groups is investigated.
Recall that a Ka¨hlerian Lie group is a Lie group G endowed with a left invariant Ka¨hler
structure. This is equivalent to the existence on g of a complex structure J : g −→ g and
an Euclidean product 〈 , 〉 such that, for any u, v ∈ g,
〈Ju, Jv〉 = 〈u, v〉 and AuJv = JAuv,
where A is the Levi-Civita associated to (g, 〈 , 〉). An homomorphism φ : (G, g, J) −→
(H, h,K) between two Ka¨hlerian Lie groups is holomorphic iff, for any u ∈ g, ξ(Ju) =
Kξ(u). The following result is a particular case of a general well-known result (see [11]).
Proposition 2.8. Let φ : (G, g, J) −→ (H, h,K) be an homomorphism between two
Ka¨hlerian Lie groups. If φ is holomorphic then φ is harmonic.
Proof. There exists an orthonormal basis of g having the form (ei, Jei)
n
i=1. We have
τ(ξ) =
n∑
i=1
(Bξ(ei)ξ(ei)− ξ(Aeiei)) +
n∑
i=1
(Bξ(Jei)ξ(Jei)− ξ(AJeiJei))
=
n∑
i=1
(Bξ(ei)ξ(ei)− ξ(Aeiei)) +
n∑
i=1
(BKξ(ei)Kξ(ei)− ξ(JAJeiei))
=
n∑
i=1
(Bξ(ei)ξ(ei)− ξ(Aeiei)) +
n∑
i=1
(KBKξ(ei)ξ(ei)−Kξ(AJeiei))
=
n∑
i=1
(Bξ(ei)ξ(ei)− ξ(Aeiei)) +
n∑
i=1
(K[Kξ(ei), ξ(ei)]
+KBξ(ei)Kξ(ei)−Kξ([Jei, ei]))−Kξ(AeiJei)
=
n∑
i=1
(Bξ(ei)ξ(ei)− ξ(Aeiei)) +
n∑
i=1
(K[ξ(Jei), ξ(ei)]− Bξ(ei)ξ(ei)−K[ξ(Jei), ξ(ei)] + ξ(Aeiei))
= 0.
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2.2 Riemannian immersions between Riemannian Lie groups
It is a well known result that a Riemannian immersion is harmonic iff it is minimal (see
[9]). We recover this fact in our context in an easy way. Let (g, 〈 , 〉g) be an Euclidean
Lie algebra and g0 a subalgebra of g. If A is the Levi-Civita product of (g, 〈 , 〉g), then
for any u, v ∈ g0,
Auv = A
0
uv + h(u, v),
where A0 is the Levi-Civita product of (g0, 〈 , 〉g0) (〈 , 〉g0 is the restriction of 〈 , 〉g to
g0) and h : g0×g0 −→ g
⊥
0 is bilinear symmetric. It is called the second fundamental form
and its trace with respect to 〈 , 〉g is the vector H
g0 ∈ g⊥0 given by
Hg0 =
n∑
i=1
h(ei, ei),
where (ei) is an orthonormal basis of g0. This vector is called the mean curvature vector
of the inclusion of g0 in (g, 〈 , 〉g). So we get the following proposition.
Proposition 2.9. Let φ : G −→ H be an homomorphism between two Riemannian
Lie groups which is also a Riemannian immersion. Then φ is harmonic iff Hξ(g) = 0.
The following two propositions can be used to build examples of minimal Riemannian
immersions.
Proposition 2.10. Let φ : G −→ H be an homomorphism between two Riemannian
Lie groups. Suppose that φ is a Riemannian immersion, both g and h are unimodular and
dimH = dimG+ 1. Then φ is harmonic.
Proof. Choose an orthonormal basis (e1, . . . , en) of g and complete by f to get an
orthonormal basis (ξ(e1), . . . , ξ(en), f) of h. On the other hand, we have τ(ξ) = H
ξ(g) =
αf . We have, by using (2),
τ(ξ) =
n∑
i=1
Bξ(ei)ξ(ei) = U
h − Bff = −Bff.
So 〈τ(ξ), τ(ξ)〉h = −α〈Bff, f〉h
(1)
= 0. Thus τ(ξ) = 0.
Proposition 2.11. Let φ : G −→ H be an homomorphism between two Riemannian
Lie groups. Suppose that φ is a Riemannian immersion, [g, g] = g, any derivation of g is
inner and ξ(g) is an ideal of h. Then φ is harmonic.
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Proof. Choose an orthonormal basis (ei)
n
i=1 of g. By using Proposition 2.4, we get
for any u ∈ ξ(g)⊥,
〈Hξ(g), u〉h =
n∑
i=1
〈aduξ(ei), ξ(ei)〉h = tr(a˜du),
where a˜du is the restriction of adu to ξ(g). Now ξ(g) being an ideal, a˜du is a derivation
of ξ(g) an hence from the hypothesis it is inner and tr(a˜du) = 0. Finally, H
ξ(g) = 0 which
proves the proposition.
Remark 2.12. 1. The class of Lie algebras g satisfying [g, g] = g and any derivation
of g is inner contains the class of semi-simple Lie algebras and, actually, it is more
large than this subclass (see [5]).
2. In Proposition 2.10, if H is nilpotent then both g and h are unimodular. This
can be used to construct many examples of minimal Riemannian immersions into
Riemannian nilmanifolds. For instance let h be the 5-dimensional nilpotent Lie
algebra whose Lie brackets are given by
[e1, e2] = e3, [e1, e3] = e5, [e2, e4] = e5.
g = span{e1, e2, e3, e5} is a subalgebra of h. If G is the connected and simply
connected Lie group associated to g and H the connected subgroup associated to
h then, for any left invariant Riemannian metric on G, the inclusion H −→ G is
a minimal Riemannian immersion. Moreover, according to Malcev’s Theorem (see
[16]) G has uniform lattices, i.e., there exists a discrete subgroup Γ of G such that
Γ/G is compact. Thus we get a minimal immersion into a compact nilmanifold
H −→ Γ/G.
3 Harmonic automorphisms of a Riemannian Lie group
Denote by Mℓ(G) the set of all left invariant Riemannian metrics on a Lie group G and
fix g ∈ Mℓ(G). Recall that Inisom(g) is the subgroup of G consisting of a ∈ G such
that ia = La ◦ Ra−1 is an isometry, Kill(g) = {u ∈ g, adu + ad
∗
u = 0} its Lie algebra. We
denote by H(g) the set consisting of a ∈ G such that ia is harmonic. We have obviously
Z(G) ⊂ Inisom(g) ⊂ H(g), Inisom(g)H(g) ⊂ H(g) and H(g)Inisom(g) ⊂ H(g) . Denote
by pi : G −→ G/Inisom(g) the natural projection. Note that if φ is an automorphism
de G, H(φ∗g) = φ−1(H(g)). The set H(g) has been investigated first by Park in [15] in
the case of a semisimple compact Lie group. In particular, he determined H(g) for any
left invariant Riemannian metric on SU(2). If one look carefully to the result of Park,
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one can see easily, in the case of SU(2), that the cardinal of H(g)/Inisom(g) is finite. We
will show now that this result is true on any compact Lie group. This is based on the
following lemma.
Lemma 3.1. If G is unimodular then Inisom(g) is open in H(g), i.e., there exists an
open set U ⊂ G such that U ∩H(g) = Inisom(g). In particular, the quotient topology on
H(g)/Inisom(g) is discrete.
Proof. Since G is unimodular, according to the first relation in Proposition 2.4,
a ∈ H(g) iff
∀u ∈ g, tr(Ad∗a ◦ adu ◦ Ada) = 0.
Define α : G −→ g∗ by α(a)(u) = tr(Ad∗a ◦ adu ◦ Ada). Thus H(g) = α
−1(0). The
differential of α at a ∈ H(g) is given by
(4) daα(TeRa(u))(v) = tr(Ad
∗
a ◦ ad
∗
u ◦ adv ◦ Ada) + tr(Ad
∗
a ◦ adv ◦ adu ◦ Ada).
If a ∈ Inisom(g) then Ad∗a = Ada−1 and hence
daα(TeRa(u))(v) = tr((ad
∗
u + adu) ◦ adv).
So TeRa(u) ∈ ker daα iff, for any v ∈ g, tr((ad
∗
u + adu) ◦ adv) = 0. In particular, we get
tr((ad∗u+adu)◦adu) = 0. By using the properties of the trace we get also tr((ad
∗
u+adu)◦
ad∗u) = 0 and hence ad
∗
u + adu = 0. Thus ker daα = TeRa(Kill(g)). Now, it is easy to see
that α factor to give a smooth map α˜ : G/Inisom(g) −→ g∗ and from what above, we
get that α˜ is an immersion at pi(e) and hence there exists an open set U˜ ⊂ G/Inisom(g)
containing pi(e) such that the restriction of α˜ to U˜ is injective. Thus U = pi−1(U˜) satisfies
the conclusion of the theorem.
If G is compact then Inisom(g) and H(g) are compact, so we get the following inter-
esting result.
Theorem 3.2. If G is compact then H(g)/Inisom(g) has a finite cardinal.
In [15], Park showed that if for a left invariant Riemannian metric g on SU(2) any
inner automorphism is harmonic then g is actually bi-invariant. The following theorem
generalizes this result to any connected Lie group.
Theorem 3.3. Let (G, g) be a connected Riemannian Lie group such that H(g) = G.
Then g is bi-invariant.
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Proof. The hypothesis of the theorem is equivalent to:
∀a ∈ G, ∀u ∈ g, 〈UAda , u〉g − 〈U
g,Ad∗au〉g = 0.
According to the first relation in Proposition 2.4 this is equivalent to
∀a ∈ G, ∀u ∈ g, tr(Ad∗a ◦ adu ◦ Ada) = tr(adAd∗au).
By taking a = exp(tv) and differentiating this relation, we get
∀u, v ∈ g, tr((adv + ad
∗
v) ◦ adu) = tr(adad∗vu).
Remark that since Ug ∈ [g, g]⊥ then ad∗UgU
g = 0 and hence
tr((adUg + ad
∗
Ug) ◦ adUg) = 0,
which is equivalent to adUg + ad
∗
Ug = 0 and hence 〈U
g, Ug〉g = tr(adUg) = 0. Thus g is
unimodular and we can apply Lemma 3.1 to conclude.
Theorem 3.4. If G is abelian or 2-step nilpotent then H(g) = Inisom(g) = Z(G).
Proof. The theorem is obvious when G is abelian. Suppose now that G is 2-step
nilpotent. Then exp : g −→ G is a diffeomorphism. An element exp(u) ∈ H(g) iff,
∀v ∈ g, tr(Ad∗exp(u) ◦ adv ◦ Adexp(u)) = 0.
Now, Adexp(u) = exp(adu) = Idg + adu and for any v, w ∈ g, adv ◦ adw = 0. So exp(u) ∈
H(g) iff
∀v ∈ g, tr(ad∗u ◦ adv) = 0.
By taking v = u, we get adu = 0 which achieves the proof.
Example 3.5. In [15], Park determined harmonic inner automorphisms of (SU(2), g)
for every left invariant Riemannian metric g. In this example, we consider G = SL(2,R)
and g = sl(2,R) and we give the equations determining harmonic inner automorphisms
for a particular class of left invariant Riemannian metrics. Put
h =
(
1 0
0 −1
)
, e =
(
0 1
0 0
)
, f =
(
0 0
1 0
)
.
We have
[e, f ] = h, [h, e] = 2e, and [h, f ] = −2f.
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We consider the Euclidean product on g for which (h, e, f) is orthogonal and 〈h, h〉 = α1,
〈e, e〉 = α2 and 〈f, f〉 = α3 and we denote by g the associated left invariant metric on G.
Put αij = αi(αj)
−1. A direct computation shows that A =
(
a b
c d
)
∈ H(g) iff

8(a2b2α21 − c
2d2α31) + 2(a
4 − d4 + b4α23 − c
4α32) = 0,
2(ad+ bc)(2abα21 + cd) + ac(c
2α12 + 2a
2) + bd(d2α13 + 2b
2α23) = 0,
2(ad+ bc)(ab+ 2cdα31) + ac(a
2α12 + 2c
2α32) + bd(b
2α13 + 2d
2) = 0.
We consider now the following problem. Given a Riemannian Lie group (G, g) one
can aim to determine all the couples (φ, h) where φ is an automorphism of G and h ∈
Mℓ(G) such that φ : (G, g) −→ (G, h) is harmonic. By remarking that φ : (G, g) −→
(G, h) is harmonic iff IdG : (G, g) −→ (G, φ
∗h) is harmonic, the solution of the problem
is equivalent to the determination of the group Aut(G) and the set CH(g) of the left
invariant Riemannian metric h on G such that IdG : (G, g) −→ (G, h) is harmonic.
Proposition 3.6. Let (G, g) be a Riemannian Lie group. Then h ∈ CH(g) iff, for
any u ∈ g,
(5) tr(J ◦ adu) = tr(adJu),
where J is given by h(u, v) = g(Ju, v) for any u, v ∈ g. In particular, CH(g) is a convex
cone which contains g.
Proof. Denote 〈 , 〉1 = g(e), 〈 , 〉2 = h(e), A the Levi-Civita product of (g, 〈 , 〉1)
and B the Levi-Civita product of (g, 〈 , 〉2). We have, for any u ∈ g, and for any
orthonormal basis (ei)
n
i=1 of 〈 , 〉1
〈τ(Idg), u〉2 =
n∑
i=1
〈Beiei, u〉2 −
n∑
i=1
〈Aeiei, u〉2
=
n∑
i=1
〈[u, ei], ei〉2 −
n∑
i=1
〈Aeiei, Ju〉1
= tr(J ◦ adu)− tr(adJu).
Definition 3.7. We call CH(g) the harmonic cone of g and dimCH(g) the harmonic
dimension of g, where dimCH(g) is the dimension of the subspace spanned by CH(g).
This is an invariant of g in the following sense. If φ : (G, g1) −→ (G, g2) is an automor-
phism such that φ∗g2 = αg1 with α is positive constant then CH(g2) = (φ
−1)∗CH(g1) and
hence dimCH(g2) = dimCH(g1). The following proposition is a consequence of Theorem
3.3.
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Proposition 3.8. Let (G, g) be a Riemannian Lie group. Then CH(g) =Mℓ(G) iff
g is bi-invariant.
Proof. If g is bi-invariant then, according to Proposition 2.5, for any left invariant
metric h, IdG : (G, g) −→ (G, h) is harmonic. Suppose now that CH(g) contains all the
left invariant Riemannian metrics on G. Then, for any a ∈ G, Ad∗a(g) ∈ CH(g) and
hence Ada : (G, g) −→ (G, g) is harmonic. By applying Theorem 3.3 we get that g is
bi-invariant.
Example 3.9. 1. Let E(1) be the 2-dimensional Lie group of rigid motions of the
real line. Then, according to Proposition 8.1, for any left invariant Riemannian
metric g on E(1), CH(g) = {αg, α > 0}. Thus the harmonic dimension of any left
invariant Riemannian metric on E(1) is equal to 1.
2. Let H3 be the 3-dimensional Heisenberg group and g a left invariant Riemannian
metric on g. Denote by h3 its Lie algebra and 〈 , 〉1 = g(e). There exists an 〈 , 〉1-
orthonormal basis (z, f, g) such that [f, g] = αz. A direct computation solving (5)
shows that h ∈ CH(g) iff h(u, v)(e) = 〈Ju, v〉1 where the matrix of J in the basis
(z, f, g) has the form a 0 00 d e
0 e h
 , a > 0, d+ h > 0 and dh− e2 > 0.
Thus the harmonic dimension of any left invariant Riemannian metric onH3 is equal
to 4.
3. Let G = SO(3,R) and g = so(3) its Lie algebra. Fix g a left invariant Riemannian
metric on G and denote by 〈 , 〉 = g(e). Denote also by 〈 , 〉0 the bi-invariant
Euclidean product given
〈A,B〉0 = −tr(AB).
Define J0 by 〈u, v〉 = 〈J0u, v〉0. There exists an 〈 , 〉0-orthonormal basis of (X1, X2, X3)
of g such that J0Xi = αiXi with i = 1, 2, 3 and αi > 0. Since 〈 , 〉0 is bi-invariant
it is easy to see that there exists a constant c such that
[X1, X2] = cX3, [X2, X3] = cX1, [X3, X1] = cX2 and 〈Xi, Xj〉1 = δijαi.
Denote by M the matrix of 〈 , 〉1 in this basis. By identifying an endomorphism
with its matrix in (X1, X2, X3), we have
adX1 =
 0 0 00 0 −c
0 c 0
 , adX2 =
 0 0 c0 0 0
−c 0 0
 ,
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adX3 =
 0 −c 0c 0 0
0 0 0
 and J =
 a b cb′ d e
c′ e′ f
 .
Then (5) is equivalent to b = b′, c = c′ and e = e′. The condition that J is symmetric
with respect to 〈 , 〉1 is equivalent to MJ = JM which is equivalent to
(α1 − α2)b = (α3 − α1)c = (α3 − α2)e = 0.
If the αi are distinct then dimCH(g) = 3. If αi = αj 6= αk then dimCH(g) = 5. If
α1 = α2 = α3 then g is bi-invariant and dimCH(g) = 6.
On all the examples above, we have the following formula
dimCH(g) =
n(n− 1)
2
+ dimKill(g),
where n is the dimension of the Lie group G. We will show now that this formula is valid
in the general case when the group is unimodular.
Proposition 3.10. Let (G, g) be an unimodular Riemannian Lie group. Then
dimCH(g) =
n(n− 1)
2
+ dimKill(g),
where n is the dimension of the Lie group G.
Proof. If (g, 〈 , 〉) is the Lie algebra of G, the metric 〈 , 〉 defines a definite positive
product on gl(g) by 〈A,B〉1 = tr(A
∗B). Define φ : g/Kill(g) −→ gl(g), [u] 7→ adu + ad
∗
u.
This is into and by using (5), we get
CH(g) = φ (g/Kill(g))⊥ ∩ Sym+(g),
where φ (g/Kill(g))⊥ is the orthogonal of φ (g/Kill(g)) with respect to 〈 , 〉1 and Sym
+(g) is
the convex cone of positive definite symmetric isomorphisms of (g, 〈 , 〉). Since Sym+(g) is
open in the space of symmetric endomorphisms Sym(g), CH(g) is open in φ (g/Kill(g))⊥∩
Sym(g). Thus
dimCH(g) = dimφ (g/Kill(g))⊥ ∩ Sym(g) =
n(n− 1)
2
+ dimKill(g).
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4 Biharmonic submersions between Riemannian Lie
groups
Let φ : (G, g) −→ (H, h) be a submersion between two Riemannian Lie groups. Then
G0 = ker φ is a normal subgroup of G, G/G0 is a Lie group and φ : G/G0 −→ H is an
isomorphism. Let pi : g −→ g/g0 the natural projection. If ξ : g −→ h is the differential
of φ at e, the restriction of pi to ker ξ⊥ is an isomorphism onto g/g0 and we denote by
r : g/g0 −→ ker ξ
⊥ its inverse. Thus r∗〈 , 〉g is an Euclidean product on g/g0 which defines
a left invariant Riemannian metric g0 on G/G0. We denote by ξ the differential of φ at e.
Proposition 4.1. With the notations above, we have
τ(ξ) = τ(ξ)− ξ(Hker ξ),
where ξ : (g/g0, r
∗〈 , 〉g) −→ (h, 〈 , 〉h).
Proof. We have g = ker ξ⊕ ker ξ⊥. Choose an orthonormal basis (fi)
p
i=1 of ker ξ and
an orthonormal basis (ei)
q
i=1 of ker ξ
⊥. If A and B denote the Levi-Civita products of g
and h respectively, we have
τ(ξ) =
q∑
i=1
Bξ(ei)ξ(ei)−
q∑
i=1
ξ(Aeiei)−
p∑
i=1
ξ(Afifi).
If we put, for any u, v ∈ ker ξ, Auv = A
0
uv + h(u, v) where A
0 is the Levi-Civta product
of ker ξ, we get
p∑
i=1
ξ(Afifi) = ξ(H
ker ξ).
Denote by pi : g −→ g/g0 the natural project. Then (pi(ei))
q
i=1 is an orthonormal basis of
g/g0 and hence
U ξ =
q∑
i=1
Bξ(ei)ξ(ei) =
q∑
i=1
Bξ(π(ei))ξ(pi(ei)) = U
ξ.
To achieve the proof, we must show that
ξ(Ug/g0) =
q∑
i=1
ξ(Aeiei).
This is a consequence of more general formula. If A is the Levi-Civita product on g/g0,
then for any u, v ∈ ker ξ⊥, pi(Auv) = Aπ(u)pi(v). To establish this relation note first that,
for any u, v ∈ ker ξ⊥, we have [u, v]g = r([pi(u), pi(v)]g/g0) + ω(u, v) where ω(u, v) ∈ ker ξ.
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Now, for any u, v, w ∈ ker ξ⊥, we have
2〈Aπ(u)pi(v), pi(w)〉g/g0 = 〈[pi(u), pi(v)]
g/g0 , pi(w)〉g/g0 + 〈[pi(w), pi(u)]
g/g0, pi(v)〉g/g0
+〈[pi(w), pi(v)]g/g0 , pi(u)〉g/g0
= 〈r([pi(u), pi(v)]g/g0), w〉g + 〈r([pi(w), pi(u)]
g/g0), v〉g + 〈r([pi(w), pi(v)]
g/g0), u〉g
= 〈[u, v]g, w〉g + 〈[w, u]
g, v〉g + 〈[w, v]
g, u〉g
= 2〈Auv, w〉g
= 2〈pi(Auv), pi(w)〉g/g0.
The following proposition is an immediate consequence of Proposition 4.1.
Proposition 4.2. Let φ : (G, g) −→ (H, h) be a submersion between two Riemannian
Lie groups. Then:
(i) If ker ξ is minimal then φ is harmonic (resp. biharmonic) iff φ is harmonic (resp.
biharmonic).
(ii) If φ is harmonic then φ is harmonic iff ker ξ is minimal.
Let φ : (G, g) −→ (H, h) be a submersion between two connected Riemannian Lie
groups. The connectedness implies that φ is onto and φ : G/G0 −→ H is an isomor-
phism. So φ is harmonic (resp. biharmonic) iff Π : (G, g) −→ (G/G0, φ
∗
h) is har-
monic (resp. biharmonic). So the study of harmonic or biharmonic submersion be-
tween two connected Riemannian Lie groups is equivalent to the study of the projections
Π : (G, g) −→ (G/G0, h) where (G, g) is a connected Lie group, G0 is a normal subgroup
and h is left invariant Riemannian metric on G/G0. To build harmonic or biharmonic
such projections, let first understand how G can be constructed from G/G0 and G0.
Fix Π : (G, g) −→ (H, h) where H = G/G0, denote by pi : g −→ g/g0 the natural projec-
tion and r : h −→ (ker ξ)⊥ the inverse of the restriction of pi to (ker ξ)⊥. In this context
the formula in Proposition 4.1 has the following simpler form:
(6) τ(pi) = τ(Idh)− pi(H
ker ξ),
where Idh : (h, 〈 , 〉π) −→ (h, 〈 , 〉h) where 〈 , 〉π = r
∗〈 , 〉g.
For any u ∈ g we denote by a˜du the restriction of adu to ker ξ. We define ρ : h −→
Der(ker ξ) and ω ∈ ∧2h∗ ⊗ ker ξ by
(7) ρ(h) = a˜dr(h) and ω(h1, h2) = [r(h1), r(h2)]
g − r([h1, h2]
h),
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where Der(ker ξ) is the space of derivations of ker ξ. A direct computation using Jacobi
identity of [ , ]g and [ , ]h shows that
(8) ρ([h1, h2]
h) = [ρ(h1), ρ(h2)]− a˜dω(h1,h2) and dρω = 0,
where
dρω(h1, h2, h3) =
∮ (
ρ(h1)(ω(h2, h3))− ω([h1, h2]
h, h3)
)
.
The symbol
∮
stands for circular permutations. Let give a characterization of τ(ξ) using
the formalism above.
Proposition 4.3. For any h ∈ h, we have
(9) 〈pi(Hker ξ), h〉π = tr(ρ(h)).
Proof. We have Hker ξ =
∑p
i=1(Afifi)−A
0
fi
fi), where (fi)
p
i=1 is an orthonormal basis
of ker ξ, A is the Levi-Civita product of g and A0 is the Levi-Civita product of ker ξ. So
〈pi(Hker ξ), h〉π = 〈H
ker ξ, r(h)〉g =
p∑
i=1
〈Afifi, r(h)〉g
(1)
=
p∑
i=1
〈[r(h), fi]
g, fi〉g = tr(ρ(h)).
Let study now the converse of our study above. Let (n, h) be two Lie algebras such
that n carries an Euclidean product and h two Euclidean products 〈 , 〉1 and 〈 , 〉2,
ρ : h −→ Der(n) and ω ∈ ∧2h∗ ⊗ n satisfying (8). Define on g = n⊕ h the bracket [ , ]g
(10) [u, v]g =

[u, v]n if u, v ∈ n,
[u, v]h + ω(u, v) if u, v ∈ h,
ρ(u)(v) if u ∈ h, v ∈ n.
Then (g, [ , ]g, 〈 , 〉g = 〈 , 〉n ⊕ 〈 , 〉1) is an Euclidean Lie algebra and the projection
pi : g −→ h is an homomorphism of Lie algebras. Let G be the connected and simply
connected Lie group associated to g and H any connected Riemannian Lie group associ-
ated to h. Then there exists a unique homomorphism of Lie groups φ : G −→ H such
that deφ = pi. If we endow G and H by the left invariant Riemannian metrics associated
respectively to 〈 , 〉g and 〈 , 〉2, φ becomes a submersion. Moreover, τ(φ)(e) is given by
(11) τ(φ)(e) = τ(Idh)−H
ρ,
where Idh : (h, 〈 , 〉1) −→ (h, 〈 , 〉2) and H
ρ is given by 〈Hρ, u〉1 = tr(ρ(u)) for any u ∈ h.
So we have shown the following result.
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Proposition 4.4. There is a correspondence between the set of submersions with a
connected and simply-connected domain and the set of (n, h, ρ, ω) where n is an Euclidean
Lie algebra, h is a Lie algebra having two Euclidean products, ρ : h −→ Der(n) and
ω ∈ ∧2h∗ ⊗ n satisfying (8).
The following proposition is an interesting consequence of (9).
Proposition 4.5. Let G be a connected Riemannian Lie group and g0 a semisimple
normal subgroup of G. Then G0 ⊂ G is minimal and Π : G −→ G/G0 is harmonic
when G/G0 is endowed with the quotient metric g0. Moreover, for any left invariant
Riemannian metric h on G/G0, Π : (G, g) −→ (G/G0, h) is harmonic (resp. biharmonic)
iff IdG/G0 : (G/G0, g0) −→ (G/G0, h) is harmonic (resp. biharmonic).
Proof. This is a consequence of (6), (9) and the fact that g0 being semisimple, for
any u ∈ g/g0, the derivation ρ(u) is inner and hence tr(ρ(u)) = 0.
5 Biharmonic Riemannian submersions between Rie-
mannian Lie groups
The following proposition follows easily from the last section’s study.
Proposition 5.1. Let φ : G −→ H be an homomorphism between two Riemannian Lie
groups which is a Riemannian submersion. Then φ is harmonic in each of the following
cases:
(i) Both g and h are unimodular.
(ii) ker ξ is unimodular and the Lie algebra h of H satisfies [h, h] = h.
(iii) ker ξ satisfies [ker ξ, ker ξ] = ker ξ and Der(ker ξ) = adker ξ.
Proof. (i) This a consequence of the definition of τ(ξ) = U ξ − ξ(Ug) and the fact
that U ξ = Uh when φ is a Riemannian submersion.
(ii) According to (8) and (9), we have for any h1, h2 ∈ h,
〈τ(ξ), [h1, h2]
h〉h = −tr(ρ([h1, h2]) = tr(a˜dω(h1,h2)) = 0,
and hence φ is harmonic.
(iii) From the hypothesis, ker ξ is unimodular and any derivation of ker ξ is interior and
hence, for any h ∈ h, tr(ρ(h)) = 0 and (9) gives the result.
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The following proposition gives an useful characterization of biharmonic Riemannian
submersions between Riemannian Lie groups.
Proposition 5.2. Let φ : G −→ H be an homomorphism between two Riemannian
Lie groups which is a Riemannian submersion. Then φ is biharmonic iff one of the
following equivalent conditions holds:
(i) For an orthonormal basis (ei)
q
i=1 of h,
(12)
q∑
i=1
BeiBeiτ(ξ) + ric
h(τ(ξ))− Bξ(Ug)τ(ξ) = 0,
where rich is the Ricci operator.
(ii) For any u ∈ h,
(13) tr((adu + ad
∗
u) ◦ adτ(ξ))− 〈[u, τ(ξ)], τ(ξ)〉h − 〈[τ(ξ), U
h], u〉h = 0.
Proof. It is a consequence of the fact that φ is a Riemannian submersion, (4) and
Proposition 2.4.
We can now state this interesting result.
Theorem 5.3. Let φ : G −→ H be an homomorphism between two Riemannian Lie
groups which is a Riemannian submersion. Then:
(i) When h is unimodular then φ is biharmonic iff τ(ξ)ℓ is a Killing vector field.
(ii) When ker ξ is unimodular or ω = 0 then φ is biharmonic iff τ(ξ)ℓ is a parallel vector
field (ω is given by (7)).
Proof. (i) Suppose that φ is biharmonic. By taking u = τ(ξ) in (13), we get, since
Uh = 0,
tr((adτ(ξ) + ad
∗
τ(ξ)) ◦ adτ(ξ)) = 0.
This equivalent to adτ(ξ) + ad
∗
τ(ξ) = 0 and hence τ(ξ)
ℓ is a Killing vector field. The
converse follows easily from (13).
(ii) Suppose that φ is biharmonic. We get from (12)
−
q∑
i=1
〈Beiτ(ξ), Beiτ(ξ)〉h + 〈ric
h(τ(ξ)), τ(ξ)〉h = 0.
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By using the fact that ker ξ = 0 or ω = 0, (8) and (9), one can see easily that
τ(ξ) ∈ [h, h]⊥. It follows (see [13] Lemma 2.3) that
〈rich(τ(ξ)), τ(ξ)〉h = −tr((adτ(ξ) + ad
∗
τ(ξ))
2) ≤ 0.
So Bτ(ξ) = 0 which is equivalent to the fact that τ(ξ)ℓ is parallel. The converse
follows from the fact that if Bτ(ξ) = 0 then adτ(ξ) + ad
∗
τ(ξ) = 0.
Let H be a Riemannian Lie group, the tangent space TH has natural Lie group
structure for which the Sasaki metric is left invariant and the projection pi : TH −→ H
is a Riemannian submersion. We have the following result.
Proposition 5.4. The following assertions are equivalent:
(i) The projection pi : TH −→ H is harmonic.
(ii) The projection pi : TH −→ H is biharmonic.
(iii) h is unimodular.
Proof. In this case ker ξ = h, ρ is the adjoint representation of h, ω = 0 and
from (9) we deduce that τ(ξ) = −Uh and the equivalence of (i) and (iii) follows. Since
ω = 0, according to Theorem 5.3, pi is biharmonic iff adUh + ad
∗
Uh = 0 this implies that
tr(adUh) = 〈U
h, Uh〉h = 0 and the equivalence of (i) and (ii) follows.
Theorem 5.5. Let φ : G −→ H be a Riemannian submersion between two Riemannian
Lie groups. Suppose that the metric on H is flat and ker ξ is unimodular or the metric
on H is flat and ω = 0. Then φ is biharmonic.
Proof. One can deduce easily from (9) and (8) that if ker ξ is unimodular or ω = 0
then τ(ξ) ∈ [h, h]⊥. Now if the metric on H is flat, it was shown in [1] that for any
u ∈ [h, h]⊥ uℓ is parallel and Theorem 5.3 permits to conclude.
We end this section by an important remark involving Riemannian submersion between
Riemannian Lie groups. Let φ : G −→ H and ψ : H −→ K two homomorphisms between
Riemannian Lie groups. Suppose that φ is a Riemannian submersion and denote by ξ
and ρ the differential at the neutral element of φ and ψ, respectively. We have
(14) τ(ρ ◦ ξ) = τ(ρ) + ρ(τ(ξ)).
This formula implies that if φ is harmonic then ψ is biharmonic (resp. harmonic) iff ψ ◦φ
is biharmonic (resp. harmonic).
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6 When harmonicity and biharmonicity are equiva-
lent
The following result is similar to Jiang’s Theorem where compacity is replaced by uni-
modularity.
Theorem 6.1. Let φ : G −→ H be a homomorphism between two Riemannian Lie
groups such that RH ≤ 0 and g is unimodular. Then φ is harmonic iff it is biharmonic.
Proof. Suppose that φ is biharmonic. Then according to (4) we get
n∑
i=1
(
〈Bξ(ei)τ(ξ), Bξ(ei)τ(ξ)〉h + 〈K
H(τ(ξ), ξ(ei))ξ(ei), τ(ξ)〉h
)
= 0.
Since the curvature is negative we deduce that Bξ(ei)τ(ξ) = 0 for any i = 1, . . . , n. Now
since g is unimodular Ug = 0 and hence τ(ξ) = U ξ so
〈τ(ξ), τ(ξ)〉h =
n∑
i=1
〈Bξ(ei)ξ(ei), τ(ξ)〉h = −
n∑
i=1
〈ξ(ei), Bξ(ei)τ(ξ)〉h = 0
and hence φ is harmonic.
Corollary 6.2. Let φ : G −→ H be a homomorphism between two Riemannian Lie
groups such that RH ≤ 0 and RicG ≥ 0. Then φ is harmonic iff it is biharmonic.
Proof. This is a consequence of Theorem 6.1 and the fact that a Lie group which
admits a left invariant Riemannian metric with non-negative Ricci curvature must be
unimodular (see [13] Lemma 6.4).
Remark 6.3. Actually, this corollary follows from a general theorem (see [4] Theorem
3.1). The Lie groups which admit left invariant Riemannian metrics with R ≤ 0 have
been classified by Azencott and Wilson [2] and are all solvable.
Since |τ(φ)| = cst for any homomorphism of Riemannian Lie groups, we get the
following results proved in a more general sitting by Oniciuc [14] in Propositions 2.2, 2.4,
2.5, 4.3.
Theorem 6.4. Let φ : G −→ H be a homomorphism between two Riemannian Lie
groups. In each for the following cases, φ is biharmonic iff it is harmonic:
1. RH ≤ 0 and φ is a Riemannian immersion.
2. RicH ≤ 0, φ is a Riemannian immersion and dimH = dimG+ 1.
Biharmonic homomorphisms between Riemannian Lie groups 23
3. RH < 0 and rankξ > 1.
4. RicH < 0 and φ is a Riemannian submersion.
The following results are specific to our context.
Theorem 6.5. Let φ : G −→ H be a homomorphism between two Riemannian Lie
groups. In the following cases the harmonicity of φ and its biharmonicity are equivalent:
1. H is 2-step nilpotent and g is unimodular.
2. φ is a Riemannian submersion and g is unimodular.
3. φ is a Riemannian submersion, ker ξ⊥ is a subalgebra of g and g is unimodular.
4. φ is a Riemannian submersion, ker ξ is unimodular, dimH = 2 and H is non
abelian.
Proof. 1. Since g is unimodular then τ(ξ) = U ξ. Now since h is 2-step nilpotent
then [h, h] ⊂ Z(h) and adu ◦ adv = 0 for any u, v ∈ h. From Proposition 2.4 we
deduce that U ξ ∈ Z(h)⊥ ⊂ [h, h]⊥ and hence
tr(ξ∗ ◦ ad∗Uξ ◦ adUξ ◦ ξ) = 0.
This equivalent to adUξ ◦ ξ = 0. So
〈U ξ, U ξ〉h =
n∑
i=1
〈Bξ(ei)ξ(ei), U
ξ〉h =
n∑
i=1
〈ξ(ei), [U
ξ, ξ(ei)]
h〉h = 0,
and hence φ is harmonic.
2. Suppose that φ is biharmonic. Since g is unimodular τ(ξ) = U ξ, ker ξ is unimodular
and according to Theorem 5.3, U ξ is parallel an hence the Killing. But we have seen
in Proposition 2.4 that U ξ is orthogonal to the space Kill(h) and hence U ξ = 0.
3. The same argument as above.
4. According to Theorem 5.3, to prove this assertions it suffices to prove that for any
left invariant metric on the 2-dimensional non abelian Lie group there is no non
trivial parallel left invariant vector field. Suppose that dim h = 2 non abelian. Then
there exists an orthonormal basis (e, f) such that [e, f ] = ae. A direct computation
gives
Bee = −af, Bef = ae, Bfe = 0, Bff = 0.
α = α1e
∗ + α2f
∗ is parallel iff −aα1f + aα2e = 0. So α = 0.
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7 Some general methods for building examples
In this section, following our study in Sections 3 and 4 we give some general methods to
builds large classes of harmonic and biharmonic homomorphisms. The following methods
are based on Propositions 4.1 and 4.4, (9) and Theorem 5.3.
7.1 How to build harmonic submersions between Riemannian
Lie groups
1. Choose two Lie algebras h and n with two Euclidean products 〈 , 〉1 and 〈 , 〉2 on h
and an Euclidean product 〈 , 〉n on n.
2. Compute τ(Idh) where Idh : (h, 〈 , 〉1) −→ (h, 〈 , 〉2).
3. Construct ρ : h −→ Der(n) and ω ∈ ∧2h∗ ⊗ n satisfying (8) and for any h ∈ h,
tr(ρ(h)) = 〈h, τ(Idh)〉1.
4. The projection (n ⊕ h, [ , ], 〈 , 〉n ⊕ 〈 , 〉1) −→ (h, [ , ]
h, 〈 , 〉2) is harmonic. The
bracket [ , ] is given by (10).
7.2 How to build biharmonic submersions between Riemannian
Lie groups
1. Choose two Lie algebras h and n with two Euclidean products 〈 , 〉1 and 〈 , 〉2 on
h and an Euclidean product 〈 , 〉n on n such that Idh : (h, 〈 , 〉1) −→ (h, 〈 , 〉2) is
biharmonic.
2. Construct ρ : h −→ Der(n) and ω ∈ ∧2h∗ ⊗ n satisfying (8) and for any u ∈ h,
tr(ρ(h)) = 0.
3. The projection (n ⊕ h, [ , ], 〈 , 〉n ⊕ 〈 , 〉1) −→ (h, [ , ]
h, 〈 , 〉2) is biharmonic. The
bracket [ , ] is given by (10).
7.3 How to build biharmonic Riemannian submersions between
Riemannian Lie groups: first method
1. Choose two Lie algebras h and n with two Euclidean products 〈 , 〉1 on h and 〈 , 〉n
on n.
2. Construct ρ : h −→ Der(n) a representation such that tr ◦ ρ is parallel, i.e., for any
u, v ∈ h, tr(ρ(Auv)) = 0, where A is the Levi-Civita product on h.
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3. The projection (n ⊕ h, [ , ], 〈 , 〉n ⊕ 〈 , 〉1) −→ (h, [ , ]
h, 〈 , 〉1) is biharmonic. The
bracket [ , ] is given by (10) with ω = 0.
7.4 How to build biharmonic Riemannian submersions between
Riemannian Lie groups: second method
1. Choose two Lie algebras h and n with two Euclidean products 〈 , 〉1 on h and 〈 , 〉n
on n. Take n unimodular.
2. Construct ρ : h −→ Der(n) and ω ∈ ∧2h∗⊗n satisfying (8) such that tr◦ρ is parallel,
i.e., for any u, v ∈ h, tr(ρ(Auv)) = 0, where A is the Levi-Civita product on h.
3. The projection (n ⊕ h, [ , ], 〈 , 〉n ⊕ 〈 , 〉1) −→ (h, [ , ]
h, 〈 , 〉1) is biharmonic. The
bracket [ , ] is given by (10).
7.5 How to build biharmonic Riemannian submersions between
Riemannian Lie groups: third method
1. Choose two Lie algebras h and n with two Euclidean products 〈 , 〉1 on h and 〈 , 〉n
on n. Take h unimodular.
2. Construct ρ : h −→ Der(n) and ω ∈ ∧2h∗ ⊗ n satisfying (8) such that tr ◦ ρ is a
Killing 1-form, i.e., for any u, v ∈ h, tr(ρ(ad∗uv + ad
∗
vw)) = 0.
3. The projection (n ⊕ h, [ , ], 〈 , 〉n ⊕ 〈 , 〉1) −→ (h, [ , ]
h, 〈 , 〉1) is biharmonic. The
bracket [ , ] is given by (10).
On all the methods above, the crucial point is to solve (8), the following lemma gives
an easy way of finding many solutions of these equations.
Lemma 7.1. Let (n, h) a couple of Lie algebras such that Der(n) = ad(n). Then
ρ : h −→ Der(n) and ω ∈ ∧2h∗ ⊗ n satisfy (8) iff there exists F : h −→ n a linear map
and ω0 ∈ ∧
2h∗ ⊗ Z(n) such that
ρ(u) = adF (u), ω(u, v) = F ([u, v])− [F (u), F (v)] + ω0(u, v) and dω0 = 0.
Proof. Since Der(n) = ad(n) then ρ(u) = adF (u) and from (8) we deduce that ω
must have the following form
ω(u, v) = F ([u, v])− [F (u), F (v)] + ω0(u, v),
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where ω0 takes its values in the center Z(n). We have
ρ(u).ω(v, w) = [F (u), ω(v, w)]n = [F (u), F ([v, w]h)]− [F (u), [F (v), F (w)]n]n,
ω(u, [v, w]h) = F ([u, [v, w]h]h)− [F (u), F ([v, w]h)]n + ω0(u, [v, w]
h).
This shows that dρω = 0 iff dω0 = 0.
We end this paper by giving an example where we use Lemma 7.1 to illustrate the
first method.
Example 7.2. We take h the non abelian 2-dimensional Lie algebra endowed with
two Euclidean products 〈 , 〉1 and 〈 , 〉2. There exists an 〈 , 〉1-orthonormal basis (e1, e2)
such that [e1, e2] = αe1. We have
τ(Idh) = Be1e1 +Be2e2 + e2.
The condition tr(ρ(h)) = 〈h, τ(Idh)〉1 is equivalent to
τ(Idh) = tr(ρ(e1))e1 + tr(ρ(e2))e2.
This is equivalent to the fact that (tr(ρ(e1)), tr(ρ(e2))) is solution of the system
(S)
{
〈e1, e1〉2x+ 〈e1, e2〉2y = (α+ 1)〈e1, e2〉2,
〈e1, e2〉2x+ 〈e2, e2〉2y = −α〈e1, e1〉2 + 〈e2, e2〉2.
Let n be a non unimodular Euclidean Lie algebra and F : n −→ h an endomorphism such
that F (Un) = x0e1+ y0e2 where (x0, y0) is the unique solution of (S). Put ρ(h) = adF ∗(u).
For any ω ∈ ∧2h∗ ⊗ Z(n), (ρ, ω) satisfy (8) where
ω(u, v) = F ∗([u, v])− [F ∗(u), F ∗(v)] + ω0(u, v),
and F ∗ : h −→ n is the adjoint of F with respect to (〈 , 〉1, 〈 , 〉n).
8 Biharmonic homomorphisms between low dimen-
sional Lie groups
We end this work by clarifying the situation in dimension 2. We denote by E(1) the
2-dimensional Lie group of rigid motions of the real line and by g2 its Lie algebra.
Proposition 8.1. Let g1, g2 be two left invariant Riemannian metrics on E(1). Then
the following holds:
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(i) A Riemannian immersion i : R −→ (E(1), g1) is minimal iff d0i(R) is orthogonal to
[g2, g2].
(ii) Any homomorphism χ : (E(1), g1) −→ R is biharmonic never harmonic unless it is
constant.
(iii) If φ : (E(1), g1) −→ (E(1), g2) is a non constant homomorphism which is harmonic
then there exists a constant λ > 0 such that φ∗g2 = λg1.
(iv) If φ : (E(1), g1) −→ (E(1), g2) is an homomorphism which is biharmonic non har-
monic then there exists a Riemannian immersion i : R −→ (E(1), g2) and a bihar-
monic homomorphism χ : (E(1), g1) −→ R such that φ = i ◦ χ.
Proof. Note first that g2 is not unimodular. Put 〈 , 〉i = gi(IdR) for i = 1, 2.
(i) Denote by A the Levi-Civita product associated to (g2, 〈 , 〉1). To show the assertion
it suffices to show that for any u ∈ g2 \ {0}, Auu = 0 iff u ∈ [g2, g2]
⊥. Indeed, if v
is such that {u, v} is a basis of g2, we have
〈Auu, u〉1 = 0 and 〈Auu, v〉1 = 〈u, [v, u]〉g1.
Since [u, v] is a generator of [g2, g2] we can conclude.
(ii) We have shown in Proposition 2.3 that χ is biharmonic. If ξ : g2 −→ R denote the
differential of χ, we can see from the first relation in Proposition 2.4 that U ξ = 0.
So τ(ξ) = −ξ(Ug2). Now Ug ∈ [g2, g2]
⊥ and [g2, g2] ⊂ ker ξ so τ(ξ) = 0 iff ξ = 0.
(iii) Suppose that φ is harmonic and denote by ξ : g2 −→ g2 the differential of φ. Then
there exists an 〈 , 〉1-orthonormal basis (e, f) such that [e, f ] = ae. Denote by A
and B the Levi-Civita product associated respectively to g1 and g2. One can see
easily that Ug1 = −af . The harmonicity of φ is equivalent to
Bξ(e)ξ(e) +Bξ(f)ξ(f) = ξ(U
g1) = −aξ(f). (h)
Since e is a generator of [g2, g2] and ξ is a Lie algebra homomorphism then ξ(e) = αe.
Put ξ(f) = pe+ qf . Since ξ is a Lie algebra homomorphism then
ξ([e, f ]) = [ξ(e), ξ(f)] = aαe = [αe, pe+ qf ] = αaqe.
If α = 0 then from (h) we get −aξ(f) = Bξ(f)ξ(f) and hence
−a〈ξ(f), ξ(f)〉g2 = −〈Bξ(f)ξ(f), ξ(f)〉g2
(1)
= 0,
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and hence ξ(f) = 0. If α 6= 0 then q = 1 and from (h) we get
−aξ(f) = α2Bee+Bξ(f)ξ(f).
So
−a〈ξ(f), ξ(f)〉g2 = α
2〈[ξ(f), e], e〉g2 = −aα
2〈e, e〉g2,
and
−a〈ξ(f), e〉g2 = 〈[e, ξ(f)], ξ(f)〉g2 = a〈e, ξ(f)〉g2.
So
〈ξ(f), ξ(f)〉g2 = 〈ξ(e), ξ(e)〉g2 = α
2〈e, e〉g2 and 〈ξ(e), ξ(f)〉g2 = 0,
which completes the proof of the assertion.
(iv) By multiplying 〈 , 〉2 by a positive constant if necessary, we can suppose that there
exists a generator e of [g2, g2] such that 〈e, e〉1 = 〈e, e〉2 = 1. Choose f orthogonal
to e with respect to 〈 , 〉1, 〈f, f〉1 = 1 and f
′ orthogonal to e with respect to 〈 , 〉2
with 〈f ′, f ′〉2 = 1. We have [e, f ] = ae and [e, f
′] = be and
Aee = −af, Aef = ae, Afe = 0, Aff = 0
and
Bee = −bf
′, Bef
′ = be, Bf ′e = 0, Bf ′f
′ = 0
if R is the curvature of (g2, 〈 , 〉2) then
R(e, f ′)e = BeBf ′e− Bf ′Bee− bBee = b
2f ′,
R(e, f ′)f ′ = BeBf ′f
′ − BfBef
′ − bBef
′ = −b2e.
Now φ is biharmonic iff
Bξ(e)Bξ(e)τ(ξ)+Bξ(f)Bξ(f)τ(ξ)+R(τ(ξ), ξ(e))ξ(e)+R(τ(ξ), ξ(f))ξ(f) = Bξ(Ug1 )τ(ξ)
where
τ(ξ) = Bξ(e)ξ(e) +Bξ(f)ξ(f) + aξ(f).
Put ξ(e) = αe and ξ(f) = pe+ qf ′. We have
ξ([e, f ]) = [ξ(e), ξ(f)] = aαe = [αe, pe+ qf ′] = αbqe.
We have
τ(ξ) = Bξ(e)ξ(e) +Bξ(f)ξ(f) + aξ(f)
= −α2bf ′ + p(−bpf ′ + qbe) + a(pe+ qf ′)
= p(a+ qb)e + (aq − bp2 − α2b)f ′.
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So
τ(ξ) = p(a+ qb)e + (aq − bp2 − α2b)f ′ = Qe + Pf.
Moreover,
Bξ(e)Bξ(e)τ(ξ) = α
2Be(−Qbf
′ + Pbe) = α2(−Qb2e− Pb2f ′)
= −α2b2τ(ξ),
Bξ(f)Bξ(f)τ(ξ) = −p
2b2τ(ξ),
R2(τ(ξ), ξ(e))ξ(e) = α2PR2(f ′, e)e = −α2Pb2f ′,
R2(τ(ξ), ξ(f))ξ(f) = (Qq − Pp)R2(e, f ′)ξ(f) = (Qq − Pp)(pb2f ′ − qb2e),
−Bξ(Ug1 )τ(ξ) = aBξ(f)τ(ξ) = ap(−Qbf
′ + Pbe).
We have
〈R(τ(ξ), ξ(e))ξ(e), τ(ξ)〉2 = −α
2P 2b2,
〈R(τ(ξ), ξ(f))ξ(f), τ(ξ)〉2 = b
2(Qq − Pp)(Pp−Qq).
So if τ(ξ) 6= 0 then α = p = 0 and hence ξ(e) = 0 and ξ(f) = qf ′. If we define
i0 : R −→ g2 and ξ0 : g2 −→ R by i0(1) = qf
′, ξ0(e) = 0 and ξ0(f) = 1 then
ξ = i0 ◦ ξ0 and we can integrate i0 and ξ0 to get the desired homomorphisms.
References
[1] M. Ait Haddou, M. Boucetta, H. Lebzioui, Left-invariant Lorentzian flat
metrics on Lie groups, Journal of Lie Theory 22 (2012), No. 1, 269–289.
[2] R. Azencott and E. Wilson, Homogeneous manifolds with negative curvature,
Part I, Trans. Amer. Math. Soc. 215 (1976), 323–362.
[3] P. Baird, J.C. Wood, Harmonic Morphisms between Riemannian Manifolds, Ox-
ford Science Publications, 2003.
[4] Paul Baird, Ali Fardoun and Seddik Ouakkas, Liouville-type theorems for
biharmonic maps between Riemannian manifolds, Adv. Calc.Var. 3 (2010), 49–68.
[5] S. Benayadi, Structure of perfect Lie algebras without center and outer derivations,
Ann. Fac. Sci. Toulouse, Vol. V, number 2, 1996, pages 203–231.
[6] Y-J. Dai, M. Shoji and H. Urakawa, Harmonic maps into Lie groups and
homogeneous spaces, Differ. Geom. Appl., 7 (1997), 143–160.
Biharmonic homomorphisms between Riemannian Lie groups 30
[7] J. Dorfmeister, F. Pedit and H. Wu, Weierstrass type representation of har-
monic maps into symmetric spaces, Commun. Anal. Geom., 6 (1998), 633–668.
[8] J. Dorfmeister, Jun-Ichi Inoguchi and Shimpei Kobayashi, A loop group
method for affine harmonic maps into Lie groups, arXiv:1405.0333v1 (2014).
[9] J. Eells, A. Ratto, Harmonic mappings of Riemannian manifolds, Amer. J. Math.
86 (1964), 109–160.
[10] G. Y. Jiang, 2-harmonic maps and their first and second variational formulas, Chinese
Ann. Math. Ser. A, 7 (1986) 389–402.
[11] A. Lichnerowicz, Applications harmoniques et varie´te´s Ka¨hle´riennes, Symp. Math.
III (Bologna 1970) 341–402.
[12] Pu-Young Kim, Joon-Sik Park, and Yong-Soo Pyo, Harmonic maps between
the group of automorphisms of the quaternion algebra, Journal of the Chungcheong
Mathematical Society, Volume 25, No. 2, May 2012.
[13] J.Milnor, Curvatures of left invariant metrics on Lie Groups, Advances in Mathe-
matics 21, (1976), 293–329.
[14] C. Oniciuc, Biharmonic maps between Riemannian manifolds, An. Stiint. Univ.
Al.I. Cuza Iasi Mat. (N.S.) 48 (2002), 237–248.
[15] Joon-Sik Park, Harmonic inner automorphisms of compact connected semisimple
Lie groups, Toˆhoku Math. J. 42 (1990), 83–91.
[16] Raghunathan, M.S. Discrete Subgroups of Lie Groups, Ergebnisse der Mathematik
und ihrer Grenzgebiete, Band 68, Springer-Verlag, New York-Heidelberg, 1972.
[17] L. Sario, M. Nakai, C. Wang, L. Chung, Classification theory of Riemannian
manifolds. Harmonic, quasiharmonic and biharmonic functions, Lecture Notes In
Mathematics, Vol. 605, Springer-Verlag, Berlin-New York, 1977.
[18] K. Uhlenbeck, Harmonic maps into Lie groups (classical solutions of the chiral
model), J. Differ. Geom., 30 (1989), 1–50.
[19] J. C. Wood, Harmonic maps into symmetric spaces and integrable systems, In:
Harmonic Maps and Integrable Systems, eds. by A. P. Fordy and J. C. Wood, Aspect
of Mathematics, Vol. E 23, Vieweg (1993), 29–55.
[20] W. J. Zakrzewski, Low-dimensional Sigma Models, Adam Hilger, Ltd., Bristol,
1989.
Biharmonic homomorphisms between Riemannian Lie groups 31
Faculty of Sciences and Technology
Cadi-Ayyad University
BP 549 Marrakesh
Morocco
E-mail address: m.boucetta@uca.ma
Mathematical Institute
Saida University
BP 138 Saida
Algeria
E-mail address: seddik.ouakkas@gmail.com
